Alice and Bob use Aravind's version of a Bell-Kochen-Specker paradox to fend off awkward questions about what exactly they were doing in Amsterdam last week.
Introduction
In [4] Jacobs and Wiseman use a story about a robbery to illustrate Bell's theorem, in Mermin's version [5] based on the GHZ state. They ask if a story can be constructed around Aravind's demonstration, in which an entangled four-qubit state gives rise to an impossible game of noughts and crosses [1] . Such a story was told in a little play which formed part of the Merchant Adventurers' Science Discovery lecture, a public lecture given in York in March 2006. The script of this playlet is given below, in Section 2. The theory of the device used by Alice and Bob is explained in Section 3.
The script
Alice and Bob Get Away With It The lecturer has just explained the EPR experiment and why it led Einstein, Podolsky and Rosen to conclude that each qubit has definite properties which determine the results of all possible experiments on the qubit. LECTURER: But Einstein was wrong. John Bell showed that there are situations where we can't understand the effects of entanglement by saying that each side has its own independent properties. And this is what gives entanglement its power: it gives rise to teleportation [2] , telepathy [3] , and- BOB: Won't you ever give up? I've proved to you that we're never going to be able to do that the way you want to. ALICE: Mathematically, I suppose.
BOB: Well, yes.
LECTURER: Sounds interesting. Tell me more.
ALICE:
We're accountants, and last week we were in Amsterdam looking at the accounts of three branches of our client's company. Their head office thinks there's some funny business going on. Tomorrow we'll be debriefed separately. A senior accountant will look at one of the branches with Bob, and our head of IT will look at the email traffic between the branches on one of the three days that we were there. We've got all the data, but we'll have to tell them exactly which branch we visited on which day.
LECTURER: What's the problem? Why don't you just tell them what you did?
Bob and Alice exchange looks.
LECTURER: I see. I didn't know accountants had such interesting lives. Well, why can't you get together beforehand and decide on your story?
ALICE: The thing is, it will make life much easier if we can say we did things in a particular way. On each day we should visit at least one branch; maybe just one, but if we go on to a second one we must also visit the third on the same day, otherwise the first two will have time to discuss things and warn the third one. We don't have to have inspected all three branches, but if we do visit one we must go twice -after the first visit we would contact our office in the evening and then go back to check the next day.
BOB: So when they ask Alice what we did on one of the three days, we want to say we went to either one or three branches; and when they ask me what we did about one of the branches, I want to say that either we didn't visit it or we visited it on two days. But we can't put together a schedule that does that! If we make either one or three visits on each of three days, then altogether we would have made an odd number of visits (three odd numbers add up to an odd number), but if we visit each branch either no times or twice, that makes an even number of visits in total.
LECTURER: Surely your bosses can work that out just as well as you can. They can't expect you to have done the impossible.
ALICE:
No, but if we don't do it this way they will want to probe a lot further. It would save a lot of awkward questions if we can be sure that whatever they ask us, we have an answer that fits these rules. But we've got to be sure that when they compare notes our stories are compatible -we must both say that we went to the same branch on the same day. Other people have thought something was moving faster than light in the entangulator, but they really ought to know better [6] . When you activate your side of it, it seems to change Bob's side, it's true, because it changes the possible answers that can be flashed up on his screen; some answers become impossible. But Bob doesn't know that. Just because he doesn't get a particular answer on a single occasion, he can't deduce that it's become impossible. He doesn't get any information until you've told him independently what answer you got.
In general, there's a theorem that entanglement can never be used by itself to send signals. In particular, it can't communicate faster than light. So if you want to send Bob a kiss in the quantum wonderland, you'll just have to do it the old-fashioned way.
The Explanation [1]
The entangulator contains four qubits, two in Alice's cuddly toy and two in Bob's, in the state
This can equally be written
where |E 1 , . . . |E 4 is any orthonormal basis of two-qubit states which have real coefficients when expanded in the basis |00 , |01 , |10 , |11 . Hence if Alice measures her two qubits in any such basis and gets the result |E i , Bob's qubit will be projected into the same state |E i . The measurements made by Alice and Bob are described by the following table of two-qubit observables:
Each row and each column of this table contains a set of three commuting two-qubit observables. Each row therefore determines a basis of two-qubit states, namely the simultaneous eigenvectors of the observables in that row. The transformation matrices between these bases are purely real, so any of them could serve as |E 1 , . . . , |E 4 in (1). When she is asked about a particular day, Alice measures the commuting observables in the corresponding row of the table, and translates the result into an answer to the question about which branches they visited that day: if the observable under branch X is measured to have the value −1, she says that they visited branch X that day, but if the value is +1 she says they didn't visit it. This measurement projects Bob's pair of qubits into the same simultaneous eigenstate. When he is asked when they visited branch X, he measures the commuting observables in the corresponding column, and translates the result into an answer to the question of when they visited this branch, in a similar way to Alice: if the observable in the Tuesday row has the value −1, he says they visited branch X on Tuesday, otherwise they didn't. Since his state is now an eigenstate of the observable which is common to his set and Alice's, he is bound to get the same value for this observable; he therefore gives the same answer as Alice to the question in the square common to his column and her row. So they both agree as to whether they visited his branch on her day.
But the product of the observables in each row is −I ⊗ I, while the product of the observables in each column is I ⊗ I. The result of Alice's measurement therefore includes −1 an odd number of times -she says that they visited an odd number of branches on each day -while the result of Bob's measurement includes −1 an even number of times -he says that they visited each branch an even number of times. Whatever they were doing in Amsterdam, they get away with it.
